
















Mechanism of Mathematical Analysis 

Mechanism of Weather Forecast 
Weather Forecast
Numerical Analysis
































































(Ⅰ) Mathematical Reasoning 
(Ⅱ) Mathematical Ideas 
(Ⅲ) Mathematical Image 

Role of Numerical Analysis 





































Natural Numbers Positive Integers Rational 
Integers Integers Rational 
Fractional 
Numbers 
























Finite Decimal (2) 



















11 1 1216 216
10 10 10
11 1 1216 1
10 10 10





= + + + ⋅⋅⋅
= + × + × + ⋅⋅⋅
 = + × + + ⋅⋅⋅ 
 




Recurring Decimal (2) 
2 1.41421356= ⋅⋅⋅⋅
2.71828182845904e = ⋅ ⋅ ⋅
Non-Recurring Decimal 
The square root of a prime 







Let be a prime number. 
Assume that is rational.
Here the right - hand side is irreducible.
























is a multiple of 
is a multipl
is a prime number
+
e of 
   
The square root of a prime 
























   
The square root of a prime 
number is irrational (3) 

Main Theme 
What is the convergence of sequences ? 














n N a a







∀ > ∃ = ∈
∀ ≥ ⇒ − <















Sequences versus Functions  


















∀ > ∃ = ∈
∀ ≥ ⇒ − <










lim nn a a→∞ =Notation :





























































Every bounded, monotone increasing 
sequence itself converges. 
1n na a +≤ Monotone increasing（ ）
na M≤ ∃ Bounded（ ）
























Every bounded sequence has a 
convergent subsequence. 



















Newton’s Method versus 
Bisection Method 

Isaac Newton (1642-1727) 
























   


























Newton’s Method (1) 
1a 0a2a
2 2y x= −




2 ( ) 2 2 2
n n
n n n n n
a a
y a x a a a x a= − + = −
−
− −
Tangent Lin  ate ( ):




Cantor （１８４５－１９１８)  



























   
Sequence Version 
1 2 1 1 2 1(1)
(2) 0 as
lim lim
n n n n
n n
n nn n









   
Bisection Method （１） 
2a1a
2 2y x= −
2 : 2Square Root of 
Bisection Method （２） 
2a1a
2 2y x= −
3a
Bisection Method （３） 
2a
4a
2 2y x= −
3a







(1) 1 2 2
2 [1,2]
(2) (1.4) 1.96 2 (1.5) 2.25
2 [1.4,1.5]












= < < =
⇒
∈ =








   
Square Root of 2 （２） 
2 2( ) 2






























   

Carl Friedrich Gauss 
Gauss 
Carl Friedrich Gauss (1777-1855) 






a ib c id







z a ib= +
Complex Plane 
Conjugate of a Complex Number 
( )
z a ib
z a i b a ib
= +
⇒
= + − = −
ab
b−
z a ib= +
z a ib= −
0
Absolute Value of a Complex Number 
2 2
z a ib
z a ib a b
= +
⇒
= + = +
ab
0











Polar Coordinates of a Complex Number 
Sum of Complex Numbers 
,
( ) ( )
z a ib w c id
z w a c i b d
= + = +
⇒
+ = + + +
ab
0
z a ib= +
Difference of Complex Numbers 
,
( ) ( )
z a ib w c id
z w a c i b d
= + = +
⇒
− = − + −
Product of Complex Numbers 
,
( ) ( )
z a ib w c id
zw ac bd i ad bc
= + = +
⇒
= − + +


















z r i re













= + + +
=
De Moivre’s Theorem 
(cos sin ) cos sinni n i n
n
θ θ θ θ+ = +
∀ ∈Z
Leonhard Euler (1707-1783) 
Euler’s Formula 
cos sinie iθ θ θ= +
cos sin 1ie iπ π π= + = −
Euler + De Moivre 





















f x a x a x a x a
a
−
−= + + ⋅⋅⋅ + + =
∈C
Fundamental Theorem of Algebra 
(Gauss) 
n 次代数方程式は、重複度をこ
めて丁度 n 個の根（解）を持つ。 
1
0 1 1 00, 0
    .
n n
n na x a x a x a a
n
−
−+ + ⋅⋅⋅ + + = ≠
Every algebraic equation
has  in counted with multiplicroo s C ityt
Example (1) 












ax bx c a
b b acx
a








































Row of a Matrix 
( )1 2i i ima a a⋅ ⋅




















11 11 12 12 1 1
21 21 22 22 2 2




n n n n nm nm
a b
a b a b a b
a b a b a b
a b
A B













+ + ⋅ ⋅ +
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅ ⋅ +
 Sum of Matrices 
( )
11 11 12 12 1 1
21 21 22 22 2 2




n n n n nm nm
a b
a b a b a b
a b a b a b
a b
A B













− − ⋅ ⋅ −
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
− − ⋅ ⋅ −
































⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅
































































































   









           













 Product of Matrices (2) 







⋅ ⋅ ⋅ ⋅ ⋅











A O O A A+ = + =





















,m nE A A AE A= =









 Inverse Matrix 
( ) ( )
1 , 1 ,
1 inverse matrix
,
:  of 
















 Uniqueness of an Inverse Matrix 



















































 =  
 − 
− 






































































































     
 Matrix of Rotation (1) 
1cos( ) sin( )
( )














          
   














            
    
 Composition of Rotations (1) 
 1( ) ( )
cos sin cos
sin cos sin
cos cos sin sin
sin cos cos sin
A A e 
  
  
   
   
            
      












            
     
 Composition of Rotations (3) 
 2( ) ( )
cos sin sin
sin cos cos
cos sin sin cos
sin sin cos cos
A A e 
  
  
   
   
            
       
 Composition of Rotations (4) 
( ) ( )
cos sin cos sin
sin cos sin cos
cos cos sin sin cos sin sin cos
sin cos cos sin sin sin cos cos
A A 
   
   
       
       
            
          





( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
A A A A
A A A A
e e
e e
   
   









( ) ( ) ( ) ( ) ( )
A
A







     
     
     

  
 Composition of Rotations (7) 
cos sin cos sin
sin cos sin cos
( )
cos( ) sin( )
sin( ) cos( )
A
   
   
 
   
   
           
 
         
 Composition of Rotations (8) 
cos( ) cos cos sin sin
sin( ) sin cos cos sin
     
     
  
  
 Addition Theorem (1) 
sin sin 2sin cos
2 2
sin sin 2cos sin
2 2
A B A BA B
A B A BA B
  
  
 Addition Theorem (2) 
cos cos 2cos cos
2 2
cos cos 2sin sin
2 2
A B A BA B
A B A BA B
  
  




1sin sin cos( ) cos( )
2
1cos cos cos( ) cos( )
2
1sin cos sin( ) sin( )
2
A B A B A B
A B A B A B
A B A B A B
   
   
   






























 Addition Theorem (6) 


Left Elementary Transformations 
(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 
Gauss’ Method (1) 
( , ) ( , )A E E B⇒
Left Elemntary Transformations
Gauss’ Method (2) 
1






















































 =  
 
 
(2) Multiply a row by a non-zero constant 
0 0




  ≠ 
 
 



















 =  
 
 









Add a row by a multiplied another row 
0 1 0
1 0





























































5 30 1 3




















2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3
A
 




1 0 0 0
( , )
2 0 1 0
0 1 1 2
1 0 1 0
0 1 1
0 1 0 0
0 0 1 0
0 0 0 13
EA
 




Matrix after Left Elementary 
Transformations 
1
1 0 1 0
1 3 2 2
1 0 2 0
0 1
1 0 0 0
0 1 0 0





















1 0 1 0
1 3 2 2
1 0 2 0














2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3
A
 




 1 行を 2 で割る 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 1                       0                       1                       0  
 0                       1                      -1                       3  
 2 行から 1 行の 0 倍を引く 
 3 行から 1 行の 1 倍を引く 
 4 行から 1 行の 0 倍を引く 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 0                       0                       .5                      0  
 0                       1                      -1                       3   
2 行を-1 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       1                      -1                       3  
 1 行から 2 行の 0 倍を引く 
 3 行から 2 行の 0 倍を引く 
 4 行から 2 行の 1 倍を引く 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       0                       0                       1  
 3 行を .5 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 3 行の .5 倍を引く 
 2 行から 3 行の-1 倍を引く 
 4 行から 3 行の 0 倍を引く 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 4 行を 1 で割る 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 4 行の 0 倍を引く 
 2 行から 4 行の 2 倍を引く 
 3 行から 4 行の 0 倍を引く  
B 
 1                       0                      -1                       0  
-1                      -3                       2                      -2  
-1                       0                       2                       0  
 0                       1                       0                       1  
Inverse Matrix 
1 0 1 0
1 3 2 2
1 0 2 0
























































     
+ =     
     








































⋅ ⋅ ⋅ ⋅ ⋅











0 0 0 0














 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
rank 1A = Number of 
Matrix after Left Elementary 
Transformations (Echelon Form) 
Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines and Planes
Matrix Representation Original Form 
1 2 1 1
2 4 1 1
1 3 1 2
A
− − 



















11 3 2 2
1 2 2 3 1

































1 2 2 3








2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 






















11 3 2 2
1 2 2 3 1








2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 


















Matrix after Left Elementary 
Transformations 
Example 3 
1 2 3 4
2 3 1 1
3 4 7 10
C
− − 
 =  
 − − 
2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 
0 1 2
1 10








Matrix after Left Elementary 
Transformations 
03 23 4
11 3 2 2
1 2 2 3 1


























Matrix after Left Elementary 
Transformations 

Idea of Linear Algebra 
System of Linear Equations
Placement of Lines






rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
Equation of a Line (1) 
ax by c+ =





   
=   














A  =  
 −




















rank rank 2A A= =







rank 1 rank 2A A= < =




A  =  
 























rank 1 rank 2A A= < =







Superposed Two Lines 



































rank rank 1 2A A= = <





a x b y c z
a x b y c z







Equation of a Plane (1) 
ax by cz d+ + =





   
    =   
   






Geometrical Meaning of Rank 
Rank of Matrices
Placement of Planes
Matrix Representation Original Form 
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =
rank rank rank 1A A A≤ ≤ +
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =








+ − = −
− + + =
+ − = −
rank rank 3A A= =
One-Point Intersection 
1, 1, 2x y z= = − =
2 3 4
2 3 1








rank rank 2 3A A= = <
One-Line Intersection 
2 , 1 ,x t y t z t= + = − − =
2 3 4
2 3 4







Parallel Two-Lines Intersection 
rank 2 rank 3A A= < =
Parallel Two-Lines Intersection 
3 1








Parallel Two Planes 
rank 1 rank 2A A= < =










Parallel Three Planes 
rank 1 rank 2A A= < =
Parallel Three Planes 
2 3 20
2 4 6 40







Superposed Three Planes 
rank rank 1 3A A= = <



























1 2 3 4
1 2 3 4
1 2 3 4
3 2 3 4
3 2 2
2 2 3 1
3 2 4 1
x x x
x x x x
x x x x
x x x x
− + = −
+ + + =
+ + + =
+ + + = −










Idea of Gauss 
J =x c



























    
    
    




    





⋅ ⋅ ⋅ ⋅
  
⋅
⋅ ⋅⋅ ⋅ ⋅⋅ ⋅
⋅ ⋅









































   
   
   
   = =
   
   
   
   
x b

























































⋅ ⋅ ⋅ ⋅ ⋅










Left Elementary Transformations 
(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 
1 1 1 1




0 0 0 0 0















 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
Matrix after Left Elementary 
Transformations 










2 1 2 2
1
1
0 0 0 0





































+ + ⋅⋅+ =
+ + ⋅⋅+ =
⋅⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅⋅+ =
+ ⋅⋅+ + + ⋅⋅+






















+ − = −
























Enlarged Coefficient Matrix 
rank rank 3A A= =
























    
    =    
    
    
−












   








1 2 3 4
1 2 3 4
1 2 3 4
3 2 3 4
3 2 2
2 2 3 1
3 2 4 1
x x x
x x x x
x x x x
x x x x
− + = −
+ + + =
+ + + =



















1 2 2 3















































rank rank 3 4A A= = <

















    
    −    =
    −
        
    





































     
     
     = +
     














4 10 , 3







x x y x










= − − =
⇒
 











































4 10 , (0) 3
3 7 , (0) 1
dx x y x
dt
dy x y y
dt
= + =




































− −   
= =   − −   
− 



























− −  































(0) (0) 3 5 3















− −      
= =      




















 = − = −




















































































   




























   















=  − 
Eigenvalues 4 2,：
Signature of Eigenvalues 


















   












=  − 
Eigenvalues 4 - 2,：
Signature of Eigenvalues 




































=  − 
Eigenvalues 5 0,：
Signature of Eigenvalues 





















































































Signature of Eigenvalues 
Saddle Point 



















A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 
























=  − 
Eigenvalues： 
Signature of Eigenvalues 
Stable Node 










 = − +

 = − +

− 






=  − 
−Eigenvalues： 
Signature of Eigenvalues 
Saddle Point 




















A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 











 = − −

 








Signature of Eigenvalues 
Center 











 = − +

 
=  − 
1 1
2 1
1 12 2,i i
A  =  − 
+ −Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 




















A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Degenerate Node 






















⋅ ⋅ ⋅ ⋅ ⋅











0 0 0 0














 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
rank 1A = Number of 
Matrix after Left Elementary 
Transformations 
Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines and Planes







1 2 2 3








2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 






















11 3 2 2
1 2 2 3 1








2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 


















Matrix after Left Elementary 
Transformations 
Example 3 
1 2 3 4
2 3 1 1
3 4 7 10
C
− − 
 =  
 − − 
2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 
0 1 2
1 10








Matrix after Left Elementary 
Transformations 
03 23 4
11 3 2 2
1 2 2 3 1


























Matrix after Left Elementary 
Transformations 















    
=    






































     
+ =     
     



















Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines






rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
Equation of a Line 











A  =  
 −




















rank rank 2A A= =
rank rank 2A A= =
One-Point Intersection 










A  =  
 























rank 1 rank 2A A= < =
rank 1 rank 2A A= < =
Parallel Two Lines 









































rank rank 1 2A A= = <
Superposed Two Lines 
rank rank 1 2A A= = <




















    
    =    
    
    
Coefficient Matrix 
a b c
A d e f
g h k
 
 =  
 
 














Idea of Linear Algebra 
System of Linear Equations
Placement of Planes
Matrix Representation Original Form 
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
One-Point 
Parallel Two Lines 
Superposed Two Lines 
rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =








2 3 4 4



















rank rank 2 3A A= = <
One-Line Intersection 
3 6 9 60
2 4 6 40



















Parallel Two-Lines Intersection 
rank 2 rank 3A A= < =
Parallel Two-Lines Intersection 
Parallel Three-Lines Intersection 
3 6 9 60








rank 2 rank 3A A= < =
Parallel Three-Lines Intersection 
3 1








Parallel Two Planes 
rank 1 rank 2A A= < =









− + = −
Parallel Three Planes 
rank 1 rank 2A A= < =
Parallel Three Planes 
3 1
3 3 9 3







Superposed Three Planes 
rank rank 1 3A A= = <
Superposed Three Planes 

Marie Ennemond Camille Jordan 
Jordan 
Marie Ennemond Camille Jordan  
(1838-1922) 





Jordan’s Canonical Form (1) 
1 1, ( )AP P P AP P− −= = ⇒ =y b x y y b
Change of Bases Original Form 
A =x b
Jordan’s Canonical Form (2) 
1 1, ,J J P AP P− −= = =y c c b
Change of Bases Original Form 
A =x b











Matrix Representation (1) 
a b c
A d e f
g h i
 
 =  
 
 








   
   = =   
   
   
x b

















































    
    =    
    
    















A d e f
g h i
 
















    
    =    
    
    
3 1 1 1= + +

























A d e f
g h i
 














    
    =    
    
    











Simultaneous Linear Equation 2

















A d e f
g h i
 
















    
    =    
    
















"( ) 2 '( ) ( ) 0,
(0) ,
'(0)









2/ 4 0D b c= − >
( )2 2( )
, :
bt t b c t b cu t e Ae Be
A B
− − − −= +
Constants
Example 
''( ) ( )
(0) '(0) 0
1( ) ( )
2
t tx
x t x t t
x x





2/ 4 0D b c= − <
( )2 2( ) cos sin
, :
btu t e A c b t B c b t
A B
−= − + −
Constants
Euler’s Formula 
cos sinie iθ θ θ= +
General Solution（３） 
2/ 4 0D b c= − =
( )( )
, :


















"( ) 2 '( ) ( ) 0u t bu t cu t+ + =
( ) ( ) tAdU t AU t e
dt
= ⇒ Calculation of 
Matrix Representation Original Form 




( ) ( ),
( ) '( )
u t u t






( ) '( ) ( ),
( ) "( ) 2 '( ) ( )
2 ( ) ( )
u t u t u t
u t u t bu t cu t
bu t cu t
′ = =
 ′ = = − −






( ) ( )
,





u t u td




     
=     
     








































2( ) ( )
2! !
n
tA tA tAI tA
n




















=  − − 
Calculation (2) 









 = − + −
















 − + − 
Λ






b b c b b cλ λ
  
= =     − + − − − −   
Calculation (4) 
( ) ( )( )











( ) ( )
2! !
2!







































Λ + + ⋅⋅⋅+ + ⋅⋅

= + + + ⋅⋅⋅+











































Λ Λ Λ= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅
   
= + + + ⋅⋅⋅   
     
 









1 2 1 2
1 2 1 2
1
2
1 2 12 1
2 1





















λ λ λ λ
λ λ λ λ
λ
λ λ λλ λ
λ λ
λ λ λ λ λ λ
Λ −=
−    
=     −−     
 − − +
 =
 − − − + 
Calculation (7) 
( )
1 2 1 2
1 2 1 2
0
2 11 0











e e e eu t u
u t ue e e e
e
λ λ λ λ
λ λ λ λ
λ λ
λ λ λ λ λ λ
=
 − − +   
 =    − − − +    
2/ 4 0D b c= − ≠Case :





























=  − − 
Calculation (2) 
2/ 4 0D b c= − =Case :
bλ = − (Double Root)




   












−   





( ) ( )( )











( ) ( )
2! !
2!







































Λ + + ⋅⋅⋅+ + ⋅⋅

= + + + ⋅⋅⋅+









( ) ( )
2! !
1 0 1 2

























Λ Λ Λ= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅
    
= + + + ⋅⋅⋅    
     
 





































    
=     −    
 −
=  
− + + 
Calculation (7) 











U t e U
u t ue te te






 −   
=     − + +    

